We describe a new family of scaling functions, the (a; r ) -frucfionul splines, which generate valid multiresolution analyses. These functions are characterized by two real parameters: a, which controls the width of the scaling functions; and T , which specifies their position with respect to the grid (shift parameter). This new family is complete in the sense that it is closed under convolutions and correlations.
INTRODUCTION
The first instances of fractional splines have been introduced by the authors in [I]. We worked out a fast FFT-based implementation of the fractional spline wavelet transform [2] and put the software on our web server. These functions were extensions of the traditional B-splines to noninteger exponents and were depending on one parameter only--the degree a.
However, this family was not complete under convolutions and correlations-an essential property for considering nonorthogonal projections, or fractional differentiation. This is why we were motivated to generalize the fractional splines by introducing a new parameter, r, that we interpret as a s h i f of the basis function, while the degree controls their essential suppon.
In this paper, we describe this new family of scaling functions and their associated wavelets. Basically, the scaling functions have a Gaussian-like shape, the size and location of which are given by the first and the second parameter, cy and T , respectively. This extension makes the new family complete; i.e., stable under convolutions and correlations.
We give the explicit time and Fourier domain expressions of these fractional splines. Although these functions do not have compact support, they still decay fast enough for us to consider that they have an effective hounded support.
We show that the generalized fractional derivative of a fractional spline is still a fractional spline with different parameters. In particular, the Hilbert transform of an ( a , r).
fractional spline is an ( a , T + 1/2)-fractional spline.
We also indicate that the associated wavelets behave like fractional derivatives of order a+l. This implies that a fractional spline wavelet transform has the property of whitening l/f*-type noise. In practice, this means that by adequate tuning of the degree parameter, it is possible to decorrelate these types of frequently encountered noises. Another potential application of fractional splines is the generation of fractional Brownian motion, or l/fA-type noise. As has been shown by Flandrin et al. [3] , the inverse wavelet transform can be used to generate pseudo-tBm by a suitable scaling of the input coefficients. In fact, a true tBm can be generated from the fractional integration of white noise, which makes the fractional spline transform a perfect tool for analyzing or synthetizing such signals [4].
DEFINITION
The generalized fractional B-splines are defined by the Fourier expression where a > -1 and T are some real parameters. We call a the "degree" of the spline and r its "shift" for reasons that will become clear later. Also note that .lo,"/ = of; i.e., T has an influence on the phase of the Fourier transform only. A fractional spline is thus a function that can be expressed as a sum of shifted versions of a fractional B(asic)-spline.
In the following, we shall use the standard extension of the factorial, a! = r ( c y + 1) using Euler's Gamma func- 
i
The constants C: and 0," are shown in Table 1 . It is now easier to understand why 01 is the degree of the fractional B-spline. to get more and more preserved, as exemplified in Fig. 2 . In fact, similar to [IO], we can show that which emphasizes the "shift" and "support" interpretations of the parameters T and cy.
PROPERTIES
A key property is that the fractional B-splines satisfy a twoscale difference equation. This is easily seen on the Fourier transform ( I ) of the B-spline. The z-transform of the resulting scaling filter is
By computing its (binomial) impulse response, we derive the two-scale relation
It is interesting to remark that, although a shifted scaling function does not usually preserve its scaling property, a shifted fractional B-spline P,"(t -t o ) is still very close to a true scaling function, namely /3:+t, (t).
As is apparent from (4), the scaling filter has a zero of multiplicity at least [cy + 1J at t = -1. However, in contrast with the classical theory [7] , the fractional B-splines not only do reconstruct the polynomials of degree [cy], but also those of degree [cy]. Obviously, this unexpected bonus when 01 is not integer is made possible by the infinite support of the filter-we are in a situation where the theorems of the classical theory do not apply. The fractional B-splines also satisfy the usual stability requirement known as Rieszbasis condition [7] . As a result of the scaling relation (5). the partition of unity and of this stability, we can build a multiresolution analysis in the sense of Mallat [8] .
Let us now consider derivatives. In the Fourier domain, Nth order differentiation amounts to multiplying by ( j w ) N.
Making N non-integer provides a Fourier equivalent of Liouville's definition [9] of fractional derivative. We propose here to generalize even further and define
( -j w )~-r (~w )~+ T~( w ) -. (6) -02
When 7 = $, we recover Liouville's fractional derivative.
More exciting is the fact that the Hilbert transform X ( w h i c h has -j signw for frequency response) can be expressed as a fractional derivative as well. Specifically, we have Xf = -a;J
VI -422 Proposition 2 The fracfional derivative of order (a', 7') of an (a, .r)-frocfionalspline is anofher (a-a', r-.r')-fracfional spline:
In particular; making use of (7), we have This property will be used later when we show how to solve a fractional differential equation using a discrete wavelet transform. Notice that the coefficients used in (8) are the impulse response of the filter P-'HF,'-'(-z).
WAVELETS AND DWT
Multiresolution analysis involves wavelet spaces that are usually chosen orthogonal to the multiresolution spaces filters can easily be obtainFd using standard inversion formulie [7] and are denoted H ; ( z ) and G,"(z). The fractional B-splines and the semi-orthogonal wavelets can also be orthonormalized, yielding an orthonormal set of filters, a case that is not discussed any further here. In all cases, we have direct formulie for the frequency response of these filters which is all we need to implement the wavelet transform exactry under periodic boundary conditions [2].
An interesting property is that these wavelets behave like fractional differentiation operators. The interpretation of this result is that /w/-*-type noises are whitened by the DWT. The a-knob of the fractional spline wavelet transform might thus be an interesting tuning parameter for decorrelating these types of self-similar signals.
As an example, we show here that our fractional spline wavelet transform can also be used to deconvolve the equation aF,'f = g. If f i , k are the unknown coefficients of the ( a , 7 ) -fractional spline wavelet decomposition of f(t), we should have
This shows that the coefficients f i , k are given by the wavelet decomposition of g ( t ) with the wavelet a$@,". By F'roposition 2, we h o w that a$@," is a fractional spline of degree a -a' and shift 7 -7'. The wavelet coefficients of g ( t ) are thus obtained by iterating the analysis iterated filterhank that matches the synthesis filterbank that has H ( z ) = HzZ; '(z) as scaling filter, and G ( r ) = 22U'-1Ha'-1 + (-r)G:(z) as wavelet filter. The corresponding analysis filters follow using standard inversion relations and we get 2-2e'+1 2H::T?' ( -2 ) high-pass filter:
The implementation of this method is shown in Fig. 3 ; it is then possible to use all kinds of regularizations in the wavelet subbands. Using the same method, we can also generate a fractional Brownian motion. This is because a fBm is a random process that can be seen as the solution B of the differential equation aoh+1/2B = E where t is a white Gaussian noise [4].
CONCLUSION
We have presented a new complete set of scaling functions that depend on two parameters that can he tuned independently. What characterizes the associated multiresolutions are their versatility and flexibility. on each plot, 7 varies in [0, 1] . This shows that @,"(t) gets closer to of(t -T ) as a increases, which justifies the interpretation of 7 as a shift parameter.
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